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Tém tit

Chiing t6i dwa ra cdu triic dai s6 C3 gom cdc s6 phirc mé réng véi hai phép todn, la
sw mo réng ciia cdac trieong Rva C. Két qua ma ching téi dat dige khong chi la néu va
chitng minh cdc tinh chat lién quan dén C3 va dp dung, ma con chi ra mét 16p cdc truong
nam trong Cs ma truong C thudc vao 16p do.

Tir khéa: Cdu triic dai 56, s6 phirc, s6 phitc mo rong, truong.

Expanding the concept of complex numbers and some related issues

Le Hao
Phu Yen University
Received: February 16, 2024; Accepted: June 03, 2024

Abstract

We introduce an algebraic structure called Cs,which is comprised of extended complex
numbers with two operations, which are the extensions of the fields R and C. The results we
achieve are not only to present and prove the properties related to C5 then apply them, but also
indicate a class of fields in C5 to which field C belongs.
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1. Tap hop cac sé phirc mé rong
Trén R3 = {(x;, x,,x3)/ x; € R} ta xét cac phép toan nhu sau:
vz, = (ay, by, ¢1); V2, = (ay, by, ;) € R3:
zy.25 = (aqa, — byb, — cicy, a;by, + ayby, ayc, + azcy)
z1+2z, =(a; +a,, by +by, c;+cy)
1.1. Pinh nghia: Mdi phan tir z = (a, b, ¢) € R3 duwoc goi la mét s6 phire mé réng.
Tap hop R3 cing cac phép toan trén duoc ki hiéu 1a C,, goi 13 tap hop cac sd phirc mé rong.
1.2. Quan hé giira C; va cac truwong R, C
1.2.1. C3 1a sw mé rong cua truwong R
Ta xét anh xa sau:
fiR— C3
Va € R: f(a) = (a,0,0)
R4 rang f 1a don anh va
fla+b) =f(a)+f(b)
f(ab) = (ab,0,0) = (a,0,0).(b,0,0) = f(a).f(b)
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Diéu d6 cho thay C; 1a sy mé rong cua truong R va ta co thé dong nhat:

(a,0,0) =a
Xem mdi s phirc md rong (a, 0,0) 1a s6 thuc a.
Nhén xét: Va € R; Vz = (b,c,d) € C3tacod :

az = a.(b,c,d) = (ab, ac, ad)

1.2.2. C3 1a sy m& rong cua truong C
Ta xét anh xa sau:

g:C— G5

Vz=a+bi€C: g(z) =g(a+bi)=(ab,0)
RO rang g 1a don anh va véi moi z; = aq + byi, z, = a, + b,i € Ctaco:
921+ 25) = g(z1) + 9(22)
i 9(z12,) = ) (aya; — byby, aib, + azb,,0) = (ay, by, 0) gaz» bz:,o) =9(21).9(22)
Dbiéu do cho thay C; 1a sy mé rong cua truong C va ta c6 thé dong nhat:
(a,b,0) = a+ bi
Xem mdi s phitc mé rong (a, b, 0) € Cs 1a sé phic a + bi.
bac biét (0,1,0) = i la don vi do trong truong C.
1.3. Cac don vi 40 trong C; va dang dai s6 ciia sé phirc mé rong
Trong C5 ta xét cac sb phtrc m& rong sau, goi la cac don vi do:
i = (0,1,0) (ciing la don vi dao trong truong C)

j=1(0,0,1)

D@ thay:

Vz = (a,b,c) € Cs:
z = (a,0,0) + b(0,1,0) + ¢(0,0,1) = a + bi + cj

C;={a+bi+cj /ab,c€R}Iatiphop cac sd phirc md rong véi cac phép toan nhu da
néu.

Viéc tinh toan trén C5 la mo rdng cua viée tinh toan trén C voi luu y ().

Vidu: z, = 34 4i —5j, z, = 7 + 6i € C, thi:

2, 2y, = (3 + 4i — 5)).(7 + 60) = 21 — 24 + 18i + 28i — 35] = —3 + 46i — 35;
izy—jz, =i(3+4i—5)) —j(7+60) =—4+3i—7j

1.4. Biéu dién hinh hoc va dang lwong giic ciia s6 phirc mé rong

Xét khong gian véi hé toa do truc chuan Oxyz. Mdi z = a + bi + ¢j € C5 c6 biéu dién hinh
hoc 1a diém c6 toa d6 (a, b, ¢), ta c6 thé dong nhit z v6i diém biéu dién cua no.
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Véi z = a + bi + ¢j € C4 c6 biéu dién hinh hoc 1a M(a, b, ¢).
-Médunciaz la:  r=|z| = OM =+vVa? + b? + ¢?

-S6 phirc lién hop cia z 1a:  Z = a — bi — ¢j

Rorang: z.z = |z|?

721z = 71.2; (V23,2 € C3)

Goi H 1a hinh chiéu vudng goc cua diém M(a, b, ¢) xuéng mit phang Oyz. Goi ¢ 1a s6 do

goc dinh hudng tir tia Oy dén tia OH. Goi 6 1a s6 do goc tao boi tia cac OM va Ox.
Ta d& dang thay:
a =rcosf
b = rcose.sinf (0<6<nm
¢ = rsing. sinf
Do d6: z=a+ bi + cj = r(cosO + icosg. sinf + jsing. sinf)

Néu c6 su biéu dién z = r(cos8 + icosg. sinb + jsing.sinf) véi r >0 va ¢,0 € R;

thi ta goi d6 1a biéu dién lugng giac cua z.
2. Tinh chit ciia cac phép toan trén C3
2.1. Ménh @é 1. (Cs, +) la mét nhém giao hodn.
Chitng minh. D& dang.
2.2. Ménh dé 2. Phép nhan trén Cg thod man:
a. Tinh giao hodn:
7.2y = 7.2,
b.Tinh phdn phoi:
Z3.(zy + 2y) = 23.2, + 25.2,

Chirng minh. Tinh giao hoan 14 hién nhién, ta chi can ching minh tinh phan phéi.
Vz; = ay + bii + ¢qij; VZ, = a, + byi + ¢yj; Vz3 = az + b3i + c3j € C3:
zZi+zy=a,+a, +( by +by)i+(c;+cy)f
z3.(z1 + 73) = az(ay + a;) — b3(by + by) — c3(cy + ¢3)

+(azb; + asb, + bya, + bsa,)i + (ascy + azc, + cza, + c3a,)j
Mat khac:
Z3.2y = A3a; — b3by — ¢3¢, + (azby + a;bg)i + (azcy + a;¢3)j (2)
Z3.Z, = Q305 — b3b, — c3¢5 + (azb, + ayb3)i + (asc, + ayc3)j 3)

(M
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Tir (1)(2) va (3) ta c6 diéu can chimg minh m
Vé6i z = a + bi + ¢j € C, ta ki hidu a 1a Re(2) va goi d6 1a phan thuc cua z.
2.3. Ménh dé 3. V6i z € C5 ¢6 Re(z) # 0 thi luén ton tai duy nhdt phan tir nghich dao ciia
z xac dinh boi:
ri=sE ()
|z|?
Chirng minh. Dé dang.
Chu y: Truong hop Re(z) = 0va z = bi+cj # 0 thi z cé vé s6 phan tir nghich ddo z*
xdc dinh boi:
z*=z"14+(ci—bj)t (t€R)
Trong dé z™' la ki hiéu cho phan tir nghich déo xdc dinh béi (*).
Nhin xét: Trén C; ta co thé d& cap dén phép chia. Vi z,, z, € C3, Re(z,) # 0 thi:
j_i = 27,77 "
Véi z € C3,Re(2) # 0; n 1a s6 nguyén am thi: z" = (z7)™ va z° = 1.
2.4. Ménh dé 4. Vi z, = ai + byi + cj € C3 (k = 1;3) thi:
(2322)71 — 23(2221) = (bscy — byc3)(ic; — jby)
Chirng minh. Ta c6:
Z3.Z5 = Q3Q, — b3b, — ¢3¢, + (azb, 4+ aybs)i + (asc, + a,c3)j
= (23.22)21 = a,(a3a; — b3b; — c3¢5) — by(ash; + azbz) — ci(asc; + azes) +
(byasa, — bybsb, — bycsc, + ajasb, + aya,bs)i + (ciaza, — c¢ibsb, — cic3¢, +
a,a3c; + a1a,¢3)j (1)
Zy.Zy = A0y — byby — cy¢0 + (ayby + a1by)i + (aycq + aicy)j
= 23(22.21) = a3(aay — byby — €3¢1) — bz(azby + ayhy) — c3(azey + as¢;) +
(bsaya, — bbb, — bscyicy + azayby + azaby)i + (cza,a, — c3byby, — c5c4c5 +
aza,¢; +aza,6,)j  (2)
Tu (1) va (2) suy ra:
(23-22)21—23(23.21) = (—byc3 + b3cy)cai + (—¢1bs + ¢3by )by j
= (b3¢y — bics)(ic; — jby) m

Nhin xét: Néu trong ba $0 24, 2,,25 € C4 c6 it nhat mot s thue thi rd rang:
i (2322)21 = 23(2224)
Ta c6 thé xem mdi sd phitc mé& rong 1a mot vecto trong R3, vi thé ta c6 thé dé cap dén tich
v0 hudéng cua chung. Véi z; = a4 + byi + ¢qj, Z, = a, + byi + ¢j € C5 thi cd tich vo
hudng la:
(24,2,) = a;a, + byb, + ¢y,
2.5. Ménh dé 5. Vi z,,z, € Cy thi:
242 + 7321 = 2(24, 25)
Chirng minh. Véi z; = a + byi + ¢4, z, = a, + byi + ¢,j € C3:
Z12,= a,a, + byby + cy¢; + (—ayby + a1by)i + (—aycq + a¢,)jf
Z371= @yaq + byby + ¢3¢0 + (azhy — a1 by)i + (a6 — aq¢5)j
Ttr d6 suy ra diéu can chimg minh m
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2.6. Ménh dé 6. V6i z, = a; + byi + ¢yj, 2z, = a, + byi + c,j € Cs thi:
1 2 —|z12,1* = (bycy — bycy)?

Do do |z,z,| < |z1||2,|, dau “=" xay ra khi va chi khi byc, — b,c; = 0.
Chirng minh. Dé dang.
Két qua sau day 1a su mo rong ctia mot cong thirc quen thude trong trudong C:
2.7. Ménh d@é 7. (M rong cua cong thirc Moivre)
Cho z = 1(cosb + icos@. sin@ + jsing. sin®) la so phitc mé réng viét & dang lirong gidc.
Véi moi s6 nguyén n, ta luén cé (véi diéu kién Re(z) # 0 khin < 0):

z" = r*[cos(n@) + icose.sin(nb) + jsing.sin(nb)] (**)
Chirng minh. Trudc tién ta ding quy nap theo n, chimg minh (**) ding v6i moi sb tu

|z |2 |z,

nhién. RO rang (**) dung voin = 0.

Gia sir (**) dung vé6i s6 tu nhién n, ta co:

z"l = z" 2

= r"1cos(nB) + icosg.sin(nh) + jsing. sin(nh)](cos + icosg.sind + jsing. sind)
= r"*1cos(nB)cosO — sin(nb)sind + i(cos(nd)cospsind + cose sin(nh)cosh) +
j(cos(n@)singsind + cosOsing sin(nb)]

= 1" cos((n + 1)0) + icosp.sin((n + 1)0) + jsing.sin((n + 1)0)]

Vay (**) ding voi moi sé nguyén khong am.

Truong hop n < 0, Re(z) # 0:

z" = (z71)™ = {r Ycosh + icosg.sin(—0) + jsing.sin(—0)]} ™"

= r"[cos(nB) + icosp.sin(nh) + jsing.sin(nd)| m

Vidu: Véiz = 2 ++/3i — 3j thi:

T=|Z|=\/22+(\/§)2+32=4

0=a> H—a— :>9—7T

rcosf = a = cos =2=3 =3
T 1 T V3 T
z=2+\/§i—3j=4(cos§+i§sin§—j7sin§)

Véimoin € Z:
1 nm V3 nm

n nm
n: 2 -_ . :4n _ ._ __._ —).
z ( +/3i 3]) (cos 3 +lZSlTl 3~/ sin 3)

Nhin xét: Tuong ty nhu trong trudng C, tir ménh dé trén ta c6 thé dé cap dén can bac n cua
nhiing $6 phuc mo rong. Vén dé nay s& dugc dé cap sau hon & mot bai viét khac.
3. Toan tir ma trin ciia sb phirc mé rong, cac truong chira trong C3

Tir cac ménh d& néu trén ta thdy R c C c C;. Déang tiéc 1a C; khong phai 1a truong
do thiéu tinh két hop cta phép nhan (xem ménh dé 4), diéu d6 gy khé khan khi giai cac
phuong trinh trong Cs.
Chung ta tim hiéu bai toan véi phuong trinh don gian:
Bai toan. Cho a, b € C5. Hay tim z € C5 sao cho az = b.
Dé giai phuong trinh d6 va cac phuong trinh khac trong Cs, chiing t6i dé ra khai niém sau:
3.1. To4n tir ma tran ciia s6 phirc mé rong

Tuy theo trudng hop cu thé, mdi sé phirc mo rong ta co thé xem 1a vecto hay mot
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ma tran cot.
ChO a=aq + azi + a3j € (C3 Véb = b1 + bzl + b3] S C3 thi 1o I‘élng:

a; —a, —as\ /b,
a.b = (az a, 0 )<b2>
az 0 a; b,
a, —a, —as
Ta ki hi¢u: M, = (az a, 0 > va goi d6 toan tur ma tran cua a.
a; O a,
RO rang ta co:
a.b=M,;b=M,.a
det(M,) = a,(a? + a3 + a3)
Trd lai véi bai todn trén, tim z € C5 sao cho az = b.
Néu a = a, + a,i + asj cé Re(a) = a; # 0 (tuc 1a det(M,)# 0) thi:
az=bo Mgz=boz=(M,)1h
Vi du: Giai phuong trinh (3 +5i —4j)z=7+1i—2j
Phuong trinh trén twong duong véi:

3 -5 4 7 3 =5 4\ '/7 1 /17
<5 ; O)Z:(1>m=(5 ; o> (1)?(_20)
-4 0 3 -2 -4 0 3 -2 6
17 4. 6 .
Néua = a; + a,i + asj co Re(a) = a; = 0 thi sao? Van d¢ nay s€ dugc dé cap trong muc
tiép theo.
3.2. Cac truong chira trong Cg
Xét khong gian véi hé toa do truc chuan Oxyz. Ta c6 thé chi ra vo sb trudng chia
trong C,, twong tng 1a nhitng mat phang chira truc Ox.
Ménh dé 8. Tdp hop cdc sé phirc ciing nam trong mét mdt phang bat ki chira truc 0x la bé
phdn dong kin voi hai phép toan cong va nhan trén Cs. Tdp hop do cung voi cdc phép toan
cam sinh (tw cac phép toan trén Cs) la truong.
Chirng minh. V6i s = (a,b,c) € C3 vas € Ox.
H = mp(s,0x) = {(x,y,2) € C3 / cy — bz = 0} la mit phing chira Ox va s.
Vs, =ay +byi+cyj, Vs, =a, +byi+c,j € H:
cby —bc; =0
{cbz —bc, =0 = c(ayb, + a;b,) = baycq + bay,c, = b(a,cq + a;c;)
- {c(a2b1 + a;b,) = ba,c, + ba,c, = b(a,c; + a,c;)
c(by +by) = bcy + bcy, = b(cy +¢y)
{ S4.S, EH
si;+s, €EH
Vs, =a, +bji+cyj €EH, sy #0:
cb; —bc; =0 = st =ﬁ(a1—b1i—c1j) €EH
Mat khac:
Vs, = ay + byi +c,j € H (k = 1..3):



94 Tap chi Khoa hoc — Trieong Pai hoc Phii Yén, S6 34 (2024), 88-94

{Cbl - bCl = 0 = {C(b3C1 - b1C3) = bC3Cl - bC1C3 == 0
Cb3 - bC3 == 0 b(b3C1 - b1C3) = Cb3b1 - Cb1b3 == 0
Ap dung ménh dé 4 ta co:

(5352)51 — 53(85281) = (b3cq — b1’C3)(i02 —Jjb,) = 0 :> (s352)s1 = $3(S251)
Ttc 1a phép nhan trén H ¢6 tinh két hop , suy ra di€u can ching minh m

= b3C1 - b1C3 = O

Ta goi nhing truong duoc chi ra trong ménh dé trén 1 “trwong phdang qua 0x"'. Trudng sd
phirc C nam trong vo s cac trudng do, tng véi mat phang Oxy.

Nhén xét: Tro lai voi cau hoi tim nghiém z € C; ciia phuong trinh sau:

(ayi + azj)z = by + byi + byj (a3 + a3 # 0)
Néu phuong trinh ¢6 nghiém z = x; + x,i + x5j thi:
b, = a;x; _
{b3 — = a,b; = asb,

= a = a,i +asj vab = b, + b,i + bsj cing thudc mét trudng phiang qua Ox.
Nguoc lai, néu a = a,i + asj vab = by + b,i + bsj cling thuc mot trudng phang qua Ox
(tic 12 a,b; = asb,) thi phuong trinh ¢6 vo s6 nghiém, tao thanh nghiém tong quat:
z = (ayi +azj) 1(by + byi + bgj ) + (azi —ayj)t  (t €R)
Vi du: Phuong trinh (2i — 5j)z = 1 — 4i + 7j v0 nghiém
Phuong trinh (2i — 5j)z = 1 — 4i + 10j c6 nghiém riéng:

1 1
zo = (20 — 5))71(1 — 4i + 10j) = ﬁ(—Zi +5j)(1 —4i+10j) = ﬁ(—58 —2i+5j)
Va nghiém tong quat la:
1
vA =§(—58 —2i+5)+Gi+2)t (teR)

Két luan.

Csla su mo rong cua cac truong R va C. Liy cam htng tir truong s6 phirc, chiing toi
da xay dung dugc mot loat tinh chét lién quan (& muc II), trong d6 ¢6 nhitng cong thic thi
vi nhu cong thirc Moivre mé rong. Chung toi cling dua ra khai niém toan tir ma tran cia
s6 phirc mé rong va ap dung, dong thoi chi ra mot 16p cac truong nam trong C; ma truong
C nam trong 16p d6 O

TAI LIEU THAM KHAO

Nguyén Hiru Dién (2000). Phuong phép s6 phirc va hinh hoc phdng. Nha xuit ban Dai hoc
Qudc gia.

Vii Duong Thuy, Nguyén Vin Nho (2002). 40 ndm Olympic Todn hoc Quobc té. Nha xuét
ban Giao duc.

Poan Quynh (2008). Gidi tich 12 ndng cao. Nha xuét ban Gido duc.

T. Andreescu, D. Andrica (2006). Complex Numbers From A to ... Z. Birkhduser
(Switzerland).



